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We present a method to derive expliit forms of tight orrelation funtion Bell inequalities for
three systems and dihotomi observables, whih involve three settings for eah observer. We also
give suient and neessary onditions for quantum preditions to satisfy the new inequalities.
PACS numbers:
INTRODUCTION
The problem of the possibility of a loal realisti interpretation of quantum mehanis was rst addressed in the
disussion between Einstein, Podolsky, Rosen [1℄ and Bohr [2℄. The nal answer was provided in 1964 by Bell [3℄.
The paper of Bell ontains an inequality for loal realisti (LR) orrelation funtions, whih an be violated only by
non-lassial, entangled states. The orrelation funtion is dened as a mean value of a produt of loal observables.
For example, a two-qubit orrelation funtion shall be given by Eij = 〈AiBj〉, with Ai being an ith observable for the
rst observer (Alie) and Bj is jth for the seond (Bob). The observables are dihotomi, with eigenvalues ±1. In the
work of Clauser, Horne, Shimony, and Holt (CHSH) [4℄ a new inequality was derived, whih, in ontradistintion to the
original Bell's expression, an be applied to real physial proesses.[21℄ Again, it was formulated for LR orrelation
funtions. Suh formulations of the Bell inequalities are now the most popular forms of it. The disovery of the
Greenberger-Horne-Zeilinger orrelations triggered generalizations of Bell inequalities to more subsystems [5℄. The
early eorts in this diretion were restrited to the senarios involving two experimental settings per observer only.
The full set of suh inequalities was nally given in Refs. [6, 7℄. More reently, however, maps between general Bell
inequalities for orrelation funtions (even yet unknown ones) and quantum ryptography [8℄, as well as quantum
ommuniation omplexity problems [9℄, have been found. Thus, there is an additional motivation to nd new tight
Bell inequalities of this kind, with the obvious diretion of generalization toward more allowed settings for eah
observer. Allowing more settings leads e.g. to more ompliated ommuniation omplexity problems, and from the
fundamental point of view, must further restrit the realm of lassially admissible orrelations.
By tight Bell inequalities one understands these, whih dene walls of a polytope in a ertain statistial hyperspae,
whih in turn denes the full set of possible loal-realisti preditions for the values of orrelation funtions for the
given set of Bell-type experiments. The verties of the polytope are deterministi preditions, that is, are given by
extremal orrelation funtions for whih the produt of the values for the eah pair of measurement diretions are
always the same. Thus verties have omponents equal to ±1. The polytope was initially proposed for the probability
hyperspae [10℄. Various aspets of the problem were subsequently disussed by a number of authors, for example
in [11, 12, 13℄. More reently, a method to derive the general struture of oeients of tight Bell inequalities for
orrelation funtions, whih involve three, or more, settings available to eah observer, was presented in [14℄. Here,
basing on the results of [14℄ we develop this method with the aim of getting the expliit form of the inequalities for
three observers. This is the simplest ase for whih tight three-setting Bell inequalities are thus far unknown.
THREE QUBIT INEQUALITIES
Let us onsider a situation, in whih eah of the three observers an hoose between three measurements. For three
systems (observed by Alie, Bob and Carol independently) and dihotomi observables, the tight Bell inequalities
have a general form of [14℄
− 1 ≤ 1
29
∑
ai,bj ,ck=±1
S(a0, a1, a2; b0, b1, b2; c0, c1, c2)
×
(∑2
i,j,k=0 aibjckEijk
)
≤ 1. (1)
where Eijk is the value of the loal realisti orrelation funtion (i.e. the average of the produt of the loal results,
whih in turn are assumed to be ±1) for settings i, j, k of A, B, and C. S(...) is a sign funtion (values ±1), of the
2nine parameters, a0, ..., c2. An admissible sign funtion has the form of [14℄
S(a0, a1, a2; b0, b1, b2; c0, c1, c2)
=
∑
2
i,j,k=0 gijkaibjck = ±1. (2)
This relation an be inverted to give
gijk =
1
29
∑
ai,bj ,ck=±1
S(a0, a1, a2; b0, b1, b2; c0, c1, c2)aibjck. (3)
This allows rewriting (1) as:
∣∣∣∣∣∣
2∑
i,j,k=0
gijkEijk
∣∣∣∣∣∣
≤ 1, (4)
where Eijk = 〈AiBjCk〉.
Note also that the form of the sign funtions, as in equation (2), restrits the admissible lass whih generates the
inequalities. The elementary trait of the lass is that the admissible sign funtions do not depend upon produt of
indies pertaining to one observer, e.g. a1a2, et. Note also, that one an redue the number of onsidered inequalities
to those involving sign funtions with a0 = 1, and in suh a ase the normalization fator hanges from
1
29
to
1
26
. This
onvention was used in ref. [14℄. However, it turns out that the more symmetri onvention is handier for pinpointing
the exat form of the oeients, and thus we shall adopt it here.
PROPERTIES OF THE COEFFICIENTS IN THE INEQUALITIES
To derive expliit Bell expressions it is onvenient to dene the following quantities, whih we will further on all
deltas. The rst order deltas:
∆x =
1
2
(S(x = 1)− S(x = −1)), (5)
the seond order deltas:
∆xy =
1
2
(∆x(y = 1)−∆x(y = −1)), (6)
and the third order deltas:
∆xyz =
1
2
(∆xy(z = 1)−∆xy(z = −1)). (7)
Eah of the indies x, y, z is related to a dierent party, e. g. x = a0, a1, a2; y = b0, b1, b2; z = c0, c1, c2.
The third order deltas are equal to the oeients gjkl. We an reate the seond order deltas from them in the
following way:
∆a0b0(c0, c1, c2) = c0∆a0b0c0 + c1∆a0b0c1 + c2∆a0b0c2 = c0g000 + c1g001 + c1g002, (8)
and likewise for the remaining ∆aibj 's. Likewise,
∆a0(b0, b1, b2; c0, c1, c2) = b0∆a0b0(c0, c1, c2) + b1∆a0b1(c0, c1, c2) + b2∆a0b2(c0, c1, c2),
(9)
and
S(a0, a1, a2; b0, b1, b2; c0, c1, c2)
= a0∆a0(b0, b1, b2; c0, c1, c2) + a1∆a1(b0, b1, b2; c0, c1, c2) + a2∆a2(b0, b1, b2; c0, c1, c2) , (10)
et..
3Properties of the deltas
As S = ±1, eah of the rst order deltas ∆ai an be equal to ±1 (S hanges with ai) or 0 (S does not hange with
ai). From the possible values of the rst order deltas we an dedue, that a seond order delta an only be 0 (no
hange), ± 1
2
(a hange of ∆ai with ai from 0 to ±1, or vie versa), or ±1 (a hange between 1 and −1). By the same
argument the oeients gijk may assume values 0,±
1
4
,± 1
2
,± 3
4
or ±1.
Finally, one an easily see that the oeients gijk satisfy the following relation
∣∣∣∣∣∣
2∑
j,k,l=0
gjkl
∣∣∣∣∣∣
=
2∑
j,k,l=0
g2jkl = 1.
The rst ondition is due to a fat that the inequalities we are searhing for are saturated for all deterministi LR
models, the seond is related to Parseval's theorem: for every sign funtion of nine dihotomi variables we have∑
ai,bj ,ck=±1
S2 = 512.
The last inequality immediately implies that when one of oeients gijk has modulus 1, then all the others must
be 0. In suh a ase, we get a family of trivial inequalities |Eijk | ≤ 1.
Constrution of sign funtions
Eah seond order delta an ontain one, two, or three oeients gijk, and, similarly, the rst order deltas ontain
up to three seond order deltas. Not every pair or triplet of the seond order deltas an be arranged into higher-order
deltas, however. The following table lists the families of ∆aibj 's, and what other ∆aibj 's they an go with to reate a
valid ∆ai (we avoid repetitions in the table):
∆aibj goes with:
1
4
((−1)m3cx + (−1)
ncy) ±
1
4
((−1)mcx − (−1)
ncy)
1
4
(2(−1)mcx + (−1)
ncy + (1)
ocz) ±
1
4
((−1)mcx − (−1)
ncy) or ±
1
4
(2(−1)mcx − (−1)
ncy − (−1)
ocz) or
± 1
4
((−1)mcx − (−1)
ncy) and ±
1
4
((−1)mcx − (−1)
ocz)
1
2
((−1)mcx + (−1)
ncy) alone or with
1
2
((−1)mcx − (−1)
ncy) or
two
1
4
((−1)mcx − (−1)
ncy)'s
1
2
(−1)mcx any one of ±
1
2
cx,±
1
2
cy,±
1
2
cz or ±
1
4
((−1)mcx + (−1)
ncy) and
± 1
4
((−1)mcx − (−1)
ncy) or ±
1
4
((−1)ncy + (−1)
ocz) and ±
1
4
((−1)ncy − (−1)
ocz)
1
4
((−1)mcx + (−1)
ncy) ±
1
4
((−1)mcx + (−1)
ncy) or ±
1
4
((−1)ncy − (−1)
ocz) and ±
1
4
((−1)mcx + (−1)
ocz)
In the table (x, y, z) stand for a permutations of (0, 1, 2), while m,n, o ∈ {0, 1}.
Thus any rst order delta belongs (after some transformations, i. e. permutations of observables, or sign ips) to
one of the families listed below:
∆ai |∆ai |
2 ∆ai |∆ai |
2
∆0
1
2
(b0(c0 + c1) + b1(c0 − c1))
16
16
∆I
1
4
(b0(−3c0 + c1) + b1(c0 + c1))
12
16
∆II
1
2
b0(c0 + c1)
8
16
∆III
1
2
(b0 + b1)c0
8
16
∆IV
1
2
(b0c0 + b1c1)
8
16
∆V
1
4
(b0(2c0 + c1 + c2) + b1(c1 − c2))
8
16
∆V I
1
4
(b0 + b1)(c0 + c1)
4
16
∆V II
1
4
(b0(c1 − c2) + b1(c0 − c1) + b2(c0 − c2))
6
16
∆V III
1
4
(b0(2c0 + c1 + c2) + b1(c0 − c1) + b2(c0 − c2))
10
16
∆IX
1
4
(b0(2c0 + c1 + c2) + b1(2c0 − c1 − c2))
12
16
∆X
1
4
(b0(2c0 + 2c1) + (b1 + b2)(c0 − c1))
12
16
∆XI
1
4
(2b0 + b1(c0 + c1) + b2(c0 − c1)
8
16
∆XII
1
4
(2b0c0 + b1(c1 + c2) + b2(c1 − c2))
8
16
The norm |∆ai |
2
is the sum of squares of those gijk oeients, whih enter a given delta. As it has been already
mentioned before, in an admissible sign funtion these norms add up to 1 [20℄. However, this is only a neessary
ondition to build an inequality. The neessary and suient ondition is that
∑2
i=0 |∆ai |
2 = 1 and ∆ai∆ai′ = 0 for
i 6= i′. Only a few pairs or triplets of these deltas lead us to a proper Bell expression.
4TWO QUBITS
As an illustration of the method we will onsider the two qubit ase rst.
For two systems (observed by Alie and Bob), the tight Bell inequalities have a general form of [14℄
− 1 ≤ 1
26
∑
ai,bj=±1
S(a0, a1, a2; b0, b1, b2)
(∑2
i,j=0 aibjEij
)
≤ 1.
(11)
where Eij = 〈AiBj〉 is the value of the orrelation funtion for the ith and jth setting of Alie and Bob, respetively.
S(...) is the sign funtion of a0, a1, a2, b0, b1, b2. The oeients gij 's of this funtion are related to S by [14℄:
S(a0, a1, a2; b0, b1, b2) =
∑2
i,j=0 gijaibj = ±1.
(12)
Thus
gij =
1
26
∑
ai,bj=±1
S(a0, a1, a2; b0, b1, b2)aibj . (13)
This allows to rewrite (11) as
∣∣∣∣∣∣
2∑
i,j=0
gijEij
∣∣∣∣∣∣
≤ 1. (14)
It is enough to dene rst and seond order deltas. The seond order deltas are equivalent to gij 's. As we have
mentioned, the rst order deltas an only take values of 0 or ±1 and gij = 0,±
1
2
, or ±1. If some ∆ai is always equal
to ±1, the sign funtion is fatorisable, and generates a trivial bound:
|Eij | ≤ 1. (15)
If some ∆ai takes all three values (±1 and 0), it an be loally transformed to
1
2
(b0 + b1). The other ∆ai vanishes
when the rst one does not, and vie versa, so it an be taken as
1
2
(b0− b1). Thus we reprodue the CHSH inequality
[4℄:
1
2
|E00 + E01 + E10 − E11| ≤ 1. (16)
No other inequalities of this kind for two qubits are allowed, beause we have utilized all possible values of gij 's and
all possible forms of ∆ai 's.
As we see the set of Bell inequalities for orrelation funtions, for two partner and three settings on eah side, boils
down to the good old CHSH inequalities, for all possible ombinations of pairs of settings. This result orroborates
with the earlier nding of Garg [15℄.
THREE-QUBIT INEQUALITIES
Sine the method is universal, it produes both the well-known standard Bell inequalities [6, 7℄, whih are shown
in the rst subsetion below, and the new ones, whih are the subjet of the seond subsetion.
2× 2× 2 inequalities
• Using ∆I and ∆IV we an obtain the following sign funtion:
S = 1
4
(a0(b0(−3c0 + c1) + b1(c0 + c1)) + a1(b0 + b1)(c0 + c1)), (17)
and by putting it into (3), we obtain:
1
4
| − 3E000 + E001 + E010 + E011 + E100 + E101 + E110 + E111| ≤ 1. (18)
5• Taking two ∆II 's or two ∆III 's we get
S = 1
2
(a0b0(c0 + c1) + a1b0(c0 − c1)). (19)
This leads to the inequality, whih is a trivial extension of the CHSH one:
1
2
|E000 + E001 + E100 − E101| ≤ 1, (20)
With two ∆II 's or two ∆III 's one an also get
S = 1
2
(a0(b0 + b1)c0 + a1(b0 − b1)c0), (21)
this gives
1
2
|E000 + E010 + E100 − E110| ≤ 1. (22)
• and
S =
1
2
(a0b0(c0 + c1) + a1b1(c0 − c1)), (23)
this in turn implies
1
2
|E000 + E001 + E110 − E111| ≤ 1. (24)
• Finally, a ombination of ∆II and ∆III leads to
S =
1
2
(a0(b0c0 + b1c1) + a1(b1c0 − b0c1)). (25)
It results in a Mermin-Ardehali-Belinskii-Klyshko inequality [16℄:
1
2
|E000 + E011 + E101 − E110| ≤ 1. (26)
This loses the group of possible inequalities whih involve only two settings (out of the three ones allowed in the
onsidered senario).
Inequalities with up to three measurement settings per observer
However, our method an also lead to thus far unknown inequalities. The most important is one in whih all three
observers perform three alternative measurements. The sign funtion is built of ∆V and two ∆V II 's:
S = 1
4
(a0(b1(c1 − c2) + b2(c1 − c2)) + a1(b0(c1 + c2) + b1(c0 + c1) + b2(−c0 + c2))
+a2(b0(−c1 − c2) + b1(c0 + c2) + b2(−c0 + c1))). (27)
It represents the following inequality:
1
4
|E011 − E012 + E021 − E022 + E101 + E102 + E110 + E111
−E120 + E122 − E201 − E202 + E210 + E211 − E220 + E221| ≤ 1. (28)
From this inequality follow two other, less general onditions. Putting a0 = a2 we get
S = 1
4
(−a0(b0(c1 + c2)− b1(c0 + c1) + b2(c0 − 2c1 + c2)
+a1(b0(c1 + c2) + b1(c0 + c1) + b2(−c0 + c2))), (29)
this represents
1
4
| − E001 − E002 + E010 + E011 − E020 + 2E021
+E022 + E101 + E102 + E110 + E111 − E120 + E222| ≤ 1. (30)
6If we rather put a2 = a1 we have
S = 1
4
(a0(b1(c1 − c2) + b2(c1 − c2)
+a1(b1(2c0 + c1 + c2) + b2(2c0 − c1 − c2))), (31)
this gives
1
4
|E011 − E012 + E021 − E022 + 2E110
+E111 + E112 + 2E120 − E121 − E122| ≤ 1. (32)
Our method leads to yet another Bell inequality. Two ∆XII 's an be arranged to
S = 1
4
(a0(2b0c0 + b1(c1 + c2) + b2(c1 − c2))
+a1(2b0c0 − b1(c1 + c2)− b2(c1 − c2))), (33)
what represents
1
4
|2E000 + E011 + E012 + E021 − E022
+2E100 − E111 − E112 − E121 + E122| ≤ 1. (34)
Interestingly, inequalities (30), (32), and (34) are speial ases of the one given in [17, 18℄,
1
4
|E000 + E001 + E010 − E011
+E022 + E023 + E032 − E033
+E100 + E101 + E110 − E111
−E122 − E123 − E132 + E133 ≤ 1. (35)
Inequality (34) is obtained by putting Cˆ0 = Cˆ1. Then we an get (32) by Bˆ0 = Bˆ2. Finally, hoosing Bˆ0 = Bˆ2 and
Cˆ0 = Cˆ2 from (35) we reah (30) Further suh simpliations lead to the standard 2× 2× 2 inequalities.
CONDITIONS ON STATE TO SATISFY THE NEW INEQUALITIES
In this Setion we will derive suient onditions whih a state must satisfy in order to never violate the Bell
inequality. Suh onditions are not dependent on partiular measurement settings, but refer only to the properties of
the state.
As inequalities (30) and (32) are speial ases of (28), we fous only on the onditions for (28) and (34).
Let us reall that any observable on a qubit with spetrum {−1, 1} an be written as Xˆi = ~Xi · ~σ
X
(X = A,B,C;
i = 0, 1, 2, the upper index of the Pauli matrix vetor enumerates the qubit and all the vetors are normalized). In
terms of the orrelation tensor (elements of whih are given by Tijk = Trρ(σ
A
i ⊗ σ
B
j ⊗ σ
C
k )) inequality (28) an be
written as
1
4
∣∣∣Tˆ ⊙
(
~A0 ⊗ ( ~B1 + ~B2)(~C1 − ~C2)
+( ~A1 − ~A2)⊗ ~B0 ⊗ (~C1 + ~C2)
+( ~A1 + ~A2)⊗ ( ~B1 + ~B2)⊗ ~C0
+ 1
2
( ~A1 + ~A2)⊗ ( ~B1 + ~B2)⊗ (~C1 + ~C2)
+ 1
2
( ~A1 − ~A2)⊗ ( ~B1 − ~B2)⊗ (~C1 − ~C2)
)∣∣∣ ≤ 1, (36)
where the tensor salar produt is taken as Aˆ⊙ Bˆ =
∑
3
i,j,k=1 AijkBijk Note that the tensor in (36) onstruted from
the vetors dening the measurements ontains ve mutually orthogonal (in the sense of ⊙) terms.
7We now hoose loal oordinate systems, in whih
~A1 + ~A2 = 2 cosα~e1, (37)
~A1 − ~A2 = 2 sinα~e2, (38)
~B1 + ~B2 = 2 cosβ~e1, (39)
~B1 − ~B2 = 2 sinβ~e2, (40)
~C1 + ~C2 = 2 cos γ~e1, (41)
~C1 − ~C2 = 2 sin γ~e2, (42)
where ~e1 = (1, 0, 0), ~e2 = (0, 1, 0), and ~e3 = (0, 0, 1). Let us moreover introdue a short-hand notation TAij =
Tˆ ⊙ ~A0⊗~ei⊗~ej, TiBj = Tˆ ⊙~ei⊗ ~B0⊗~ej , and TijC = Tˆ ⊙~ei⊗~ej ⊗ ~C0. This allows to rewrite (36) in a form of salar
produt of two real vetors:
|(TA12, T2B1, T12C , T111, T222)
·(cosβ sin γ, sinα cos γ, cosα sinβ, cosα cosβ cos γ, sinα sinβ sin γ)| ≤ 1. (43)
This is the neessary and suient ondition for the given state to satisfy the inequality. That is, if the maximum of
the left hand side for all possible loal oordinate systems, vetors
~A0, ~B0 and ~C0, and angles α, β and γ is less or
equal to 1, then the preditions for given state always satisfy the inequality.
If one employs the Cauhy inequality, |~v1 · ~v2|
2 ≤ |~v1|
2|~v2|
2
, one an formulate a onise suient ondition on a
state to satisfy (28). The state annot violate the inequality if
T 2111 + T
2
222 + T
2
A12 + T
2
2B1 + T
2
12C ≤ 1 (44)
holds in all loal bases and for all
~A0, ~B0, ~C0. Finally, we utilize the fat that max| ~A0|=1 T
2
A12 =
∑3
i=1 T
2
i12 (this is
beause the optimal vetor is
~Aopt
0
= (T112, T212, T312)/
√
T 2
112
+ T 2
212
+ T 2
312
), et., and obtain the following form:
T 2111 + T
2
222 +
3∑
i=1
(T 2i12 + T
2
2i1 + T
2
12i) ≤ 1. (45)
Let us derive a similar ondition for (34). In the fashion of (43) the inequality reads
|Tˆ ⊙ (cosα~e1 ⊗ ~B0 ⊗ ~C0
+sinα~e2 ⊗ (cosβ cos γ~e1 ⊗ ~e1 + cosβ sin γ~e1 ⊗ ~e2
+sinβ cos γ~e2 ⊗ ~e1 − sinβ sin γ~e2 ⊗ ~e2)| ≤ 1 (46)
(we have renumbered observables of Alie). Now, repeating the above argument, we get a neessary and suient
ondition on a state to satisfy (34). Namely in all loal oordinate systems and for all
~B0 and ~C0 we shall have
T 21BC +
2∑
i,j=1
T 22ij ≤ 1, (47)
or using the trik presented earlier
3∑
k=1
T 21kC +
2∑
i,j=1
T 22ij ≤ 1. (48)
CONCLUSIONS
A method to derive expliit Bell inequalities with more then two observables per site was proposed and demonstrated
for the ase of three partiles and up to three observables per site. New tight Bell inequalities for orrelation funtions
and the respetive onditions to satisfy then are found. In partiular, we present an inequality, (28), in whih all three
8observers perform three alternative measurements. Interestingly, the inequalities (30), (32), (34) an be shown to be
implied by both the ones found in [17, 18℄ and (28).
The method presented here an be generalized to M > 3 settings Bell inequalities, and more than three parties.
This denitely would lead to narrowing the lass of states whih allow a loal realisti model. An old result of one
of us [19℄, whih shows a drasti onstraint on suh a lass if the number of settings goes to innity (for 4 parties or
more), learly supports this onjeture.
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